The atomic nucleus provides an unique and fascinating object for studying com plexity owing to its extended compact structure, the strength of quantum effects and the delicate balance between a Coulomb force of infinite range and a short range nuclear force.
Nuclei as Sets of Interacting Nucleons
We shall focus on conventional nuclear systems, where only protons and neutrons, and a few photons and mesons are present. This choice is not completely arbitrary. The most microscopic constituents of nuclei are presumably the quarks and virtual gluons which nucleons and mesons are made of. It could be argued that these fundamental par ticles correspond better to what one would call the elementary constituents of the sys tem. But it turns out that quarks and gluons are for the most part tightly bound in inter mediate structures, mainly in the nucleons. In this sense nucleons are the effective elementary bricks which constitute "normal" nuclei. In order to detect a signature of the presence of quarks one has to excite nu clear matter so much that nuclei as such do not exist anymore. These exceptional ther modynamic conditions may have existed during the early life of the universe, but pre sent-day nuclei may safely be viewed as collections of interacting nucleons.
Nuclei interpolate between systems with a few degrees of freedom (N =3 for instance) and systems of Avogadro size (N  1023). As a matter of fact, the richness of pheno mena shown by nuclei when N runs from a few units to a few hundreds is staggering: 20 to 30 years ago, the beauty of the shell model [1] and the collective model [2] as efficient simplifications of this many-body problem exemplified what basic science can do to make the real world intelligible. More recently, it has been found that order para meters describing the shell structure are still useful when studying very excited states such as superdeformed nuclei [3] and new kinds of giant resonances [4] .
Complex Nuclear Systems
In drawing attention to the complexity of nuclear dynamics we shall first briefly look back to the early days of nuclear physics. We shall see that a stochastic picture of nu cleonic motion inside the nucleus is almost as old as nuclear physics itself. In spite of the symmetries of the mean field in which nucleons move, the stochastic picture basi cally remains valid and reflects the complex nature of nuclear dynamics. Indeed, experi ments performed during the 1980's at new heavy-ion facilities all over the world have shown that this complex picture is the rule rather than an exception.
We shall also present a contemporary example of a heavy-ion reaction exhibiting typical stochastic features. The questions raised demonstrate the liveliness of this field of research (Fig. 1) , while the techniques used to address the problems are of general interest outside nuclear physics.
From an experimental point of view, phy sicists have learned to build detectors able to keep track of thousands of projectiles. Moreover, they have gained considerable experience in analyzing large bodies of data and extracting from them relevant physical information. On the other hand, the theoreti cal description of complex heavy-ion reac tions requires the development and simula tion of microscopic, dynamical models in strongly out-of-equilibrium situations. We shall try to describe some benchmarks for present and future tasks.
Early Stochastic Models
Niels Bohr writing in Nature in 1936 is pro bably responsible for introducing statistical concepts into the description of a nuclear problem, namely the interaction of a neutron with a target nucleus. A statistical picture of the numerous interactions of the incident neutron with the nucleons constituting the nucleus basically reflects the complexity of the process. In the case of moderately ener getic neutrons, such as those available in the mid-1930's, the entire interaction pro- Fig. 1 cess is very long relative to nuclear times, and leads to the formation of an excited nu cleus whose subsequent decay may be re liably described using a statistical approach.
At the end of the decade, Kramers In a landmark paper [5] on the Langevin descrip tion of chemical reactions suggested that the newly discovered fission phenomenon might also be viewed as a diffusion process of a collective variable (e.g., the deforma tion of the nucleus) over a potential barrier. This description of a nuclear process once again Implied the underlying assumption of complicated nucleonic motion, which as a first step was treated as a heat bath with respect to the deformation considered as a Brownian particle. So complexity lay at the heart of the overall phenomenological des cription of the physical situation.
The Beauty of the Shell Model
But apparent regularity was also a feature of nucleonic motion. Indeed, the introduction of the shell model in the late 1940's by Mayer and Jensen shed a new light on the motion of nucleons inside a nucleus [1] . To a good approximation, nucleonic motion could be represented as nucleons following single-particle trajectories related to the levels of an unique, common, one-body po tential. The shells (degeneracies with ener gy gaps between them) can be understood as corresponding to classical closed orbits in the potential, and are thereby related to its symmetry properties [6] . Incidentally, this concept Is also fully applicable to another finite fermion system, namely microclusters, where it is further developed to account for "supershells" owing to interference between two nearby orbits. All told, the shell model suggested an underlying regularity rather than complexity -a picture that was appa rently difficult to reconcile with the earlier stochastic one.
The paradox was in fact short-lived since Wigner soon realized [7] that the structure of nuclear spectra was much richer than that given by a simple textbook exercise in quan tum mechanics. By studying the spacings of compound nucleus levels he showed that the distribution of spacings was special, re presenting a signature of a restricted class of stochastic Hamiltonians. As a side pro duct, his remarks gave birth to today's most widely recognized definition of quantum chaos.
Spectra of compound nucleus levels pro vide the best experimental data for statisti cal studies of quantum chaos [8] . So once again nucleonic motion is associated with stochasticity, at least at high excitation ener gies, thus reflecting the complex nature of nuclei.
Fig. 2 -The collision of a carbon ion of 852 MeV in a nuclear emulsion. Some 16 fragments with charges Z between 1 and 4 have been identified.
From [9] .
Modern Nuclear Complexity: The Physics of Violent Collisions
The beauty of the nuclear shell model enlightened nuclear physics in the 1960's and 1970's and allowed the development of original contributions to the physics of strongly interacting many-body systems. The Hartree-Fock mean-field theory permit ted the description of many ground-state nuclear properties, with the help of realistic phenomenological effective interactions. The dynamical version of this theory, the socalled time-dependent Hartree-Fock (TDHF) theory, however soon suffered from defi ciencies in the description of nuclear colli sions as bombarding energies increased in magnitude.
The mean-field picture using the ap proach Bohr had developed was basically unable to account for the dissipation respon sible for the heating of nuclei, which expe rimentalists were starting to observe in fusion-like reactions of heavy ions at beam energies of a few tens of MeV per nucleon. Once again, statistical concepts were taken up, this time in terms of thermodynamic preoccupations such as the determination of the equation of state for nuclear matter. This obliged nuclear physicists to depart from a mean-field picture and to accommodate the observed dissipative patterns. The exis tence of so-called nuclear temperatures also implied the occurrence of correspond ing thermal fluctuations, thus bringing the nuclear physics community back to basic questions concerning the statistical mecha nics of complex systems. Moreover, it soon turned out that many of the properties of atomic nuclei, such as the nuclear equation of state and transport properties, could in fact only be studied in strongly out-of-equili brium processes. These processes, in turn, exhibited unique features that called for further study.
The Dynamics of Multifragmentation
The dynamics of nuclear fragmentation in heavy-ion collisions is an example of a situation where a discussion of both chaotic structures and complexity owing to multiparticle correlations may be especially rele vant. In heavy-ion collisions at beam velo cities of the order of the average velocity of nucleons in a nucleus at rest, the system created may break up Into several nuclei of intermediate mass (see Fig. 2 ). Physicists have sought for many years for a signal of a liquid-gas phase transition of a finite system in such collisions. Whatever the underlying mechanism, its time-scale is of the same order as the typical time-scales of the sys tem. The process has thus to be analyzed in terms of dynamics, and the road to a proper theoretical description of multifragmentation was, and remains, tortuous.
The first step is to depart from the con forting mean-field picture by accommo dating dissipative features. This is a very challenging task at the quantum level so a generally accepted solution to the problem has not yet been found. Fortunately, the de Broglie wavelengths of nucleons inside colliding heavy ions very soon become negligibly small on increasing the bombard ing energy. This allows one to rely on semiclassical descriptions which are relatively simple as compared to those formulated in a quantum framework.
During the 1980's, a nuclear version of Boltzmann's equation was used with suc cess in the context of the semi-classical model [10] . It turned out that although a complete theoretical justification of such an equation might still be missing, its applica tion to actual heavy-ion collisions helped greatly in understanding the basic dynami cal process. In particular, It allowed one to account for, with a reasonable degree of confidence, the formation of "hot" nuclei (compound systems characterised by tem peratures exceeding a few MeV resulting from incoherent excitations). The dynamics of multifragment formation, however, could not be fully explained within such a theoreti cal framework, which by its very nature only predicts average quantities.
The next step in the development of these microscopic theories was to extend basic kinetic equations into a stochastic regime [13] . Stochastic extensions of kinetic equa tions, introduced in the late 1950's, had been studied in fact during the 1960's and '70's in situations close to equilibrium. They were now developed and applied in strongly out-of-equilibrium contexts, and in situations where self-consistent mean-field effects still play an important role. Such analyses are presently the subject of many investigations, both experimental and theoretical. Com bined with elaborate statistical descriptions of the decay properties of the fragments produced during collisions, they may even tually provide a microscopic theory of multi fragment emission.
The relevance of this research extends beyond understanding fragment formation. This is because these dynamic systems offer interesting clues to the general ques tion of the correspondence between the quantum and classical regimes. As implied above, variations of the beam energy in a certain sense amount to tuning an effective Planck constant. On the other hand, the self-consistent nature of the nuclear mean field makes the basic equations of motion non-linear, which brings us back to chaotic features. This non-linearity seems to be un avoidable as it stems from a reduction of the many-body problem to one-body dynamics.
From Statistical to Non-statistical Patterns
It is well known that the flow of a classical incompressible fluid, which for low visco sities is laminar, exhibits highly chaotic and irregular behaviour at high viscosities. In this viscous regime, flow is both unstable and unpredictable: a small perturbation at a given time may rapidly lead to a strong dis-tortion of the flow pattern. An understanding of a large number of statistical properties of the fluid can be obtained by fragmenting at different scales the turbulent structures, called "eddies", into smaller and smaller eddies. This random cascade of fragment ing eddies provides the principle physical mechanism by which the energy of the flow Is transmitted to motion at smaller scales down to almost the molecular scale, where dissipation halts further fragmentation.
In heavy-ion collisions, one expects that hot, expanding nuclear matter may enter a region where density perturbations of finite length become unstable [12] . Inside these regions of mechanical instability, called spinodal instabilities, the system is thermody namically unstable with respect to fluctua tions having small wavelengths and it Is doubtful that Boltzmann-like kinetic equa tions, which neglect high-order correlations, continue to be valid approximations. The picture emerging from these considerations resembles that of a critical phenomenon involving a random cascade of fragmenta tions with unstable blobs of nuclear matter at different scales. For some specific scaling fragmentation functions of this non-equili brium cascade process, the distribution of fragment sizes may reach a limit reminis cent of those distributions produced by percolation [13] . This leads at once to the following questions: is the nuclear fragmen tation process related to a critical pheno menon? And if so, what is the nature of this
Percolation
A percolation model comprises a sta tic array of points (sites) which can be occupied randomly with a probability for any site being independent of the pro bability for neighbours. Certain occupied sites are said to be linked if they are at adjacent points on the lattice (site perco lation) or if the bonds between adjacent points are active (site-bond percolation). In the latter case, the clusters are given by a sequence of occupied sites con nected by active bonds.
Consider the situation with all lattice sites occupied and the links between them randomly activated (i.e., bond per colation). When the bond activation pro bability is close to zero, most sites will be isolated or form small clusters. On the other hand, when the probability is large, almost all sites are linked and a single percolating (infinite) cluster exists. The critical point in the infinite system arises when 0.25 of all bonds are active and one finds large fluctuations in both the size of clusters as well as in their multiplicity.
The transition from a non-percolating phase to a percolating one is a general model for a second-order phase transi tion. The essential ingredients of a per colation calculation are the randomness of the linkages, the locality of the break ing process involved in the cluster for mation, and the short-range nature of the forces. The same ingredients are assu med to be the basic elements of a perco lation model for nuclear fragmentation.
finite-size phase transition, and under which kinematic conditions of the collision is the dynamics of the fragmenting matter gover ned by the criticality?
At the present time, experiments with an exclusive analysis, event by event, of the fragment-size distribution are restricted to those employing nuclear emulsion tech niques and only a limited number of fully resolved events are at our disposal. However, questions related to non-equilibrium cascading will soon be studied in great detail using electronic techniques based on sophisticated multidetector systems now operational at GANIL (Caen, France: Fig. 1) , GSI (Darmstadt, Germany) and Michigan State University (East Lansing, USA).
Existing data strongly suggest that a cri tical phenomenon is indeed involved. The way to identify it is by analyzing observable quantities which behave in a qualitatively different manner when a critical phenome non is present. The next step is to compare these analyses with models, such as nonequilibrium random cascading or percolation (see insert), where the nature of the "finite size phase transition" is well understood.
Critical phenomena are usually associa ted with symmetry breaking and large fluc tuations. In the nuclear case, since the dis tribution of the cluster distribution is not directly measurable it has been proposed to look for a signal of critical behaviour in the cluster size distribution [14] . In Fig. 3 we show an example of such an analysis for the dimensionless quantity 2 = M2M0/M12 plot ted versus the reduced multiplicity m0 for: (a, upper) experimental data on the frag mentation of gold nuclei (with incident ener gies of approximately 1 GeV/nucleon) fol lowing interactions in a nuclear emulsion; (b, lower) three-dimensional random-bond percolation on a cubic lattice, which in an infinite lattice exhibits a second-order phase transition when m0  0.25.
The fragment-size distribution is calcu lated In each event by the factorial moments Mk =  zZknz, where k > 0 and the sum runs over all fragment charges (sizes) excluding the largest one. The value  2 » 2 indicates a power law distribution of the fragment sizes, as expected around a critical point. The distributions plotted in Fig. 3 show that large values of 2 are found around m0  0.25 in both the experimental data and the three-dimensional percolation analysis.
Concluding Remarks
The theories of percolation and non-equi librium random cascading for fragmentation, as well as the exclusive analysis of the multifragment events, have helped in deve loping the idea that randomness and dis order associated with heavy-ion collisions may result in characteristic features that are remarkable [14, 15] . These features are not merely the result of statistical fluctuations of otherwise continuous, smooth spectra of fragments, but represent a genuine physical effect related to the scaling features of the nuclear dynamics.
One Is naturally led to study distributions, such as those given by the theory of frac tals, which satisfy the observed anomalous scaling laws and reflect the scale invariance of an underlying geometry or chaotic dynamics. This leads to new types of kinetic theories and a new version of the statistical mechanics of small systems in strongly outof-equilibrium situations, with the possibility of dynamic instabilities and spontaneous pattern formation.
Let us risk a speculation: nothing prevents a priori a local density fluctuation in a soup of nucleons from propagating and even selfreplicating within the nucleaus. The chal lenge is to understand the dynamic evolu tion of these fluctuations at the microscopic level. Further development of stochastic extensions of kinetic equations may offer a method to attack this fundamental problem.
There Is probably a long way to go before all these problems can be correctly formu lated and solved. But even at the present stage of this development it may be helpful to discuss the atomic nucleus as an intrinsi cally dynamic object. Its extended compact structure, the strength of quantum effects and the delicate balance of a Coulomb force of infinite range and a short-range nuclear force make the atomic nucleus an unique and fascinating object for research on com plexity. Theoretical and experimental work is now helping to explain nuclear collisions in regimes where classical limits and resi dual quantum mechanisms compete and collective and isolated degrees of freedom More Light on Random Number Generators coexist, with many cases of interference, intermittency, stability, and instability.
A conceptual framework which could transfer the experience gained in nuclear physics to other fields is still missing. Inter disciplinary experts are not so numerous, and there remains much to be done until solutions to many-body problems in nuclear physics could be useful in biology, sociology or economics. Nonetheless, it can be safely claimed that atomic nuclei, and more spe cifically nuclear collisions, provide a frame of reference for the study of complexity that is unparalleled in the richness of its phe nomenology. It would be a serious mistake to overlook this opportunity. Until recently, the only pseudorandom number generators which had been studied extensively were those of the multiplicative congruential type; they present a well-known defect whose effect can be made arbitrarily small at the expense of some computing time, and there is no wider theory which excludes their having additional as yet un known defects. For this reason, many Monte Carlo practitioners prefer to use random numbers generated using other algorithms which produce much longer seguences be fore repeating and do not have the known defect of congruential generators. Unfortu nately, Ferrenberg et al. [Phys. Rev. Lett. 69 (1992) 3382] showed that for certain pro blems these newer generators gave wrong answers. Now Martin Lüscher of DESY has studied one of these generators, the "subtract-with-borrow" algorithm of Marsaglia and Zaman known as RCARRY, and was able to show how to improve its chaotic properties.
As Lüscher says: "The characteristic fea ture of a chaotic dynamical system is that tra jectories starting at nearby states diverge exponentially with time. Even if the evolution is locally continuous, such a system appears to behave randomly on larger time scales. One could also say that any state specified to some finite precision has an exponentially deteriorating memory of its history." Although RCARRY is "strongly chaotic" in this sense, it has short-term correlations which can be eliminated by a simple modification.
The RCARRY algorithm works on a table of 24 floating-point numbers and produces its next number by combining two of the numbers in the table and replacing one of them by the new result. Lüscher therefore
RANLUX
A subroutine implementing the skipping algorithm called RANLUX (for luxury ran dom numbers) has been written by F. James and is being introduced into the CERN Program Library. The program, along with the paper of M. Lüscher [DESY preprint 93-133] will be published in Com puter Physics Communications. Subroutine RANLUX allows the user to choose the "luxury level" between zero (no skipping, same as RCARRY) and four (skipping 365). Level two already passes all known tests and gives the right answers for the Wolff algorithm, but users who want an even better guarantee of security and can afford the extra computer time (about a factor 2.5 at level two and 5 at level four) can opt for pure luxury. For many problems, where the random number generation time is small compared with the rest of the calcu lation, there is no longer any reason for the computational physicist to deny him self the luxury of random numbers with demonstrably good chaotic properties.
looked at it as a generator of vectors in the 24-dimensional hypercube, and considered how two neighboring vectors in this hypercube would evolve according to the algo rithm. He showed that indeed nearby trajec tories would diverge exponentially, on the average with a Lyapunov exponent close to one, that is the separation would increase by about a factor e every cycle of 24 numbers. After about 16 cycles, the smallest possible separation (6 x 10-8) would grow to be of order one and fill all the hypercube.
In order to accelerate this "chaotic explo sion", he suggested a modification of the algorithm whereby one would generate 24 numbers and then skip a certain number (at most 365) before using 24 more. This "throw ing away" of random numbers is normally to be avoided since it shortens the effective per iod of a generator, but Lüscher also showed that if the total number generated and skip ped per cycle is prime, the period is main tained. (In fact, since the basic period of RCARRY is about 10170, one can afford to shorten the period by many orders of magni tude without any danger of exhausting it.) F. James, CERN, Geneva 
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